Abstract. This research is focused on the optimum area and volume estimation of double arch dams. The first stage of the methodology refers to defining issues about Bayesian estimators to obtain the value for designing the optimum dam shape. After that, the shape equations are iterated step-bystep to obtain the optimal solution. From the inventory of existing dams, it is possible to extract many important values although they are not sufficient. To obtain the non-available data, the Gaussian distribution under the Bayesian theorem hypotheses has been employed. This theorem converts the prior distribution using unknown parameters into the posterior distribution which provides expected estimators. The choice of the dam shape is strongly based on the experience, therefore by knowing and applying real information of existing dams it is possible to carry out a more precise analysis.
Introduction
Among the existing stochastic methods, the Bayesian method is of great interest in Engineering fields such as hydraulic engineering, to calculate the probability and analyse the risk of a reservoir collapse [1] , structural engineering, to define the elastic modulus and the structural period [2] or in the field of earthquake engineering to estimate the extreme earthquake occurrence [3] , which is necessary to design the structure.
Bayesian theorem is useful when the analysis comprises a lot of parameters. The enormous quantity of variables that each project contains and the necessity to find the worst probable scenario, make that nowadays probabilistic methods are used more over the time.
The general idea of this paper is to estimate the necessary values to define the best volume and area in terms of concrete quantity for double arch-dams. The objective is to minimize the concrete volume and the area of double arch dams.
The variables to calculate the shape optimization have been estimated by using the Bayesian theorem. This theorem can be used when some information about the statistical distribution are known.
The Bayesian distribution adopts the Gaussian normal distribution where the mean value is supposed a priori. A normal distribution of this type is called prior distribution of Bayesian estimators [4] . To use the prior distribution, it is necessary to obtain some information about
Bayesian distribution
The Bayesian distribution is here applied to calculate the volume and area of double arch dams. From literature, five papers have been considered [5] [6] [7] [8] [9] and the values of the results in these works have been used to develop the Bayesian theorem. The samples are formed by 770 collected date. The Bayesian estimators are calculated from prior distribution and posterior distribution. The values in the prior distribution refer to an existing dam whereas the values of the posterior distribution refer to an optimum dam. The analysis consists in changing the parameters of an existing dam to obtain the parameters for an optimum dam.
In statistical terms, the prior distribution for existing dams θ ~ N (µ, σ 2 ) pass to the posterior distribution for optimized dams θ ~ N (µp, σ 2 p), where µ and σ 2 are the mean and the variance of the Probability Density Function (PDF) a priori and θ is the unknown parameter. The expected value a posteriori and the variance a posteriori are, respectively:
where σ 2 0 is the known variance, ̅ is the sample mean and n is the number of the sample. With these values it is possible define the PDF a posteriori and the PDF a priori. PDF is expressed by a Gaussian Normal (N) distribution. Table 1 shows the results where σ and σp are the standard deviations of each variable calculated, using the 84-percentile. All variables are expressed in meter excepting the variables s and β, which are adimensional. The 11 design variables are explained later on. The vertical and horizontal shape is divided in three level. The subscripts in the design variables indicate the level 1, 2 and 3.
Geometrical model analyses
The geometrical model is divided in two parts: vertical and horizontal section (see Figure 1 ). The equations developed in three dimensions x, y, and z describe the internal and external surfaces as well as the dam thickness. In the model described in literature [5] the geometrical characteristics of the sections, the behaviour constraints due to the frequency mode of the dam, the stress of the internal force and the stability have been considered. But, in this analysis only geometric and stability constraints have been used. 
where in order that v(x,z) > 0 the absolute value |·| is introduced. The area a(x,z), defined as the sum of the areas of the US and DS faces, is: where yUS and yDS are the shape of the horizontal section at the US and DS face defined by, respectively:
whit y(z) = -sz + sz 2 /2βh, where s is the slope at the crest and h is the height of the dam related to the ratio β = z/h. rUS and rDS are the radii of curvature of the US and DS curve, respectively, and t(z) is the thickness of the central vertical section.
The region of integration in the Eqs. 3-4 is produced by projecting the dam on x-z plane. The equations have been iterated step-by-step by the software [11] .
The type of the design constraints about the behaviour, geometric, stability and stress have been shown in Table 2 , which explains their utility and relation. The superscript U and L mean upper bound and lower bound.
During the equations implementation, it is necessary to verify the constraints. From collected data in literature [5] [6] [7] [8] [9] and considering the results of the distribution posteriori (Table 1) , it is possible to verify some constraints: 3.1 ≤ t1 ≤ 11. Table 1 . Table 2 . Design constraints.
Type Relation Utility
Behaviour
Dam frequency (fi) depends on water, sediments and foundation interaction Dam are very rigid structure, therefore the dam frequency can be considered more than 3.33 Hz (period > 0.30 s). Considering the whole system (dam-water-foundation-sediments) the period increases.
The allowed compression (σc) and tensile stresses (σt) are defined in the design and they depend on fc and ft, which are the compressive and tensile strength for concrete, respectively. Stresses in the dynamic analysis must also include the incremental load kd. Figures 2-4 show the optimum shape of the dam for the mean value of the distribution a posteriori and its errors (± σp) in three dimensions x, y and z. x-axis represents the length of the dam, y-axis the radius and z-axis the height. The difference between US and DS face is the thickness. The height is partial because three blocks of 31.85 m have been considered. The shape in Figures 2-4 Table 3 shows the results in terms of the concrete volume and area of the dam by using the distribution a posteriori. The concrete area for the µp-σp is greater than µp+σp due to the reduction of the internal and external curvature. The optimum volume and area have the probability of 68.26% for belonging to the following set 166118. The volume of the dam in respect to the dam area increases up to a certain value and then decreases. This is because the ratio of the crown length and thickness change, i.e. at the beginning the crown length ratio 215/155 = 1.38 is lower than the thickness ratio t2/t1 = 12.96/6.38 = 2.03, whereas at the end the ratio 155/45 = 3.44 is greater than the ratio t3/t2 = 28.67/12.96 = 2.21.
Considering the double arch dams with height 89.0 -100.5 m taken from the inventory of the Spanish dams [13, 14] , the mean volume is 244250.0 m 3 . From this value, in this study the volume can be reduced from 29% to 32%.
Conclusions
In this paper the optimal concrete volume and area for double arch dams has been calculated. The objective is to find the minimum volume and so the minimum area respecting some constraints, e.g. vibration mode of the dam, global geometry, stability of the dam body and constitutive relations of the material.
The Bayesian theorem has been successfully applied because enough data have been found, among other reasons. The equations have been iterated step-by-step easily.
The concrete volume reduction of the dam has been obtained and consequently, a reduction of the costs is expected. In this study the expected reduction of the volume is of around 30%.
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